Basics of Mathematics in Machine Learning IT Exam | 8 May 2024

¢ This exam consists of four problems.
* You have 3 hours to complete the exam.
* You are allowed to bring a calculator.

* Include intermediate steps and justify your answers.

Problem 1. This problem consists of two parts.

(1a) Let f: R? — R be a function given by f(x,y) = log(l + eZ~**3). Compute the
gradient of f.

(1b) Letg: R? — R? be a function given by

N Slog(1 +e %)
g(x,_vw) = [—log(l Fer Iy 4o}

Compute the Jacobian of g.

Problem 2. This problem counsists of two parts.
(2a) Find all critical points of the function f: RY — R given by f(x) = ||x}|* — [|x][*.

(2b) Let a € RY be fixed. Find all critical points of the function g: RY — R given by
g(x) = exp(=3(x||* +a-x).

Problem 3. Lety = (y(,...,¥:) € R" be a data vector, B € R"*? a matrix, and L >0 a
scalar. Find the coefficients a* € R? that minimise the loss function

L(a) = |ly - Ball*+A|al’.

Your answer can involve matrix products, inverses, and other operations of linear algebra.

Problem 4. A fair 6-sided die is rolled twice. Let X be a random variable that represents
the maximum of the two rolls.

(4a) Write out the probability mass function of X.
(4b) Compute the expected value of X.

[t is not necessary to simplify the expressions or compute their decimal forms.]

The reverse of this sheet contains a collection of potentially useful formulae.
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Useful Formulae

d _ d d |

al}l :nx" ! aczo alog(_x) == ;

d d . d .

ae‘ =¢* P sin(x) = cos(x) P cos(x) = —sin(x)

d o ) d /)] _ S(0)glx) — [(x)g'(x)
< W8] = £ ()ee) + /(g (o) 5| L) - L]

= /(8(x)) = £ (8N )
n k)
T = ¥ S

k=0
fx" dx = ;xnrH

n+1
[sin(x) dx = —cos(x)

o1 f(x)
Vix)=| : |€eR?

da f(x)

VIf(x)g(x)] = g()Vf(x) + f(x)Vg(x)
VIf(g(x))] = f'(g(x))Ve(x)

Vib"Ax] =ATb

V[x"Ax] = 2Ax  if A is symmetric
Vix—al| = (x—a)/[Ix—a]

dixA(x)—l — A" (%A(x))A(x)—l

QHf(X) - 30y f(x)}

Jx! dx = log(x)
J cos(x)dx = sin(x)

Hy(x) = Jv (x) = : . :
0ad1 f(X) - 3204f(X)

f(x) = L(x) = f(xo) + Je(x)(x — xo)
Jey f(x)dx = [, f(8(y))|det(Jg(y))|dy
P(UZ A = Y52 | P(A;) if A; are disjoint

P(ANB)
P(B)

P(A|B) =

P(A) = Z P(B;)P(A | B;) if B; form a partition of Q
i=1

Pk(AY=PXe€A)=P{weQ: X(w)eA})
F(x)=PX <x)=P{oweQ: X(w)<x})

lk
X ~ Poisson(A) if px(k) = e**F for k e NU{0}

Var(X) = E[(X ~ E(X))*] = E(X?) - [E(xX)]*

J(x) = L(x) = f(x0) + f(x0) (x — x0)

F(b) - F(a) = [*f(x)dx

[Fdx= &

SEB () dx = [47(20))g' () dy
afi(x) o dufi(x)

Jf(x) _ c ]R'"Xd
0 fm(X) -+ dafin(X)

VI/(8(x))] = Jg(x) TV /(g(x))

Via-x| =a
V[x"Ax] = (A+AT)x
Viixil? = 2x

Je(x)=A if f(x)=Ax

%log(det(A(x))) =tr (A(Jc)'1 %A(x))

f(x) = L(x) = f(%0) + V.S (x0) - (x — X0)

D% f(xg)

o! (x=x0)*

T.(x) = Z

|e@i<n
Jref(Ax—Db)dx = |det(A)| ™" [af(x)dx
P(AUB) = P(A) + P(B) — P(ANB)

P(A] ﬂ“-ﬁAn) :P(A])P(Az lA])P(Ag} IA[ﬂAz)-”P(An |A| ﬂ”-ﬂAn-l)

P(B | A)P(A)
P(B)
px(x) =PX=x)=P{weQ: X(w) =x})
X unif. if X(Q) = {x1,..., %} and py(x)

P(A|B) =

T n

E(X) = ixkpx(xk) when X(Q) = {x1,x2,...}
k=1

Var(aX + b) = a*Var(X)
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